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Preliminaries

The lattice £

We define £7 = (L, <;1) by
L' ={[z1, 7] | (z1,22) € [0,1) and 2 < 3},
[21, 22] <11 [y1, 3] < (21 <y and 23 < g2,
for all [z1, ], [y1, v2] € L.

Interval-valued fuzzy set

—

For further usage. ..

An interval-valued fuzzy set on U is a mapping A: U — L.

L' ={lz1, ] | (z1,22) € R? and 21 < 25},
LY ={[z1, 2] | (21, 72) € [0, +00l® and z; < 3},
D :{[5121,231] | 1 € [0, 1]}



[0, 1] (1,1 =11

0,01 = 07 1,0]






[0, 1] [1,1] =11

[0,0] = 0,1 [1,0]
L' ={[z, 2] | (z1,22) € R? and 21 < 5}
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[01 0] - OEI [11 O]

LY ={lz1, 22 | (z1,25) € [0, +-00[* and 21 < 15}



[0,1] (1,1] =1

D = {[.’131, 1121] ‘ T € [0, 1]}

0,01 = 07 1,0



Similarity measure of fuzzy sets

A real function S : (FF(U))? — [0,1] is called a similarity measure

of fuzzy sets if S satisfies the following properties: for all A, B, C
in FF'(U),

@ S(A,4) =1,

@ S(A,B)=S(B,A),

® if A€ P(U), then S(A4,coA) =0,

@ if AC B C C, then S(4, C) < inf(S(4,B),S(B,C)).

Note that S4 is equivalent to: for all A, B, C and D in F(U), if
ACBCCCD,then S(A,D)C S(B,C).




De Baets et al.

The family of similarity measures:

aoap+ bwA,B = C(SA’B T dl/A’B

S(A,B) =
(4, B) a'aap+bwap+c'dap+dvap’

where a4 p = min{card(A \ B),card(B \ A)},
wa,p = max{card(A \ B),card(B \ A)}, 64,5 = card(AN B),
va,p = card(co(A U B)), with a,a’,b,b', ¢, ¢/, d,d" in {0,1}.




T-norms and related operations on £!

@ A t-norm on L! is a commutative, associative mapping
T : (LY)?> = L which is increasing in both arguments and
which satisfies 7(1,r,2) =z, for all z € L7.

@ A t-conorm on L! is a commutative, associative mapping
S : (L1)? — L which is increasing in both arguments and
which satisfies S(0,:,z) = z, for all z € LY.

o A negation on LI is a decreasing mapping N : L — L which
satisfies N'(0,1) = 1,1 and N (1p1) =01 f N(N(2)) = 2,
for all z € LY, then N is called involutive.




Dual t-conorm

Let 7 be a t-norm and N be an involutive negation on £!. The
mapping 75 : (L)% — L’ defined by

Tz, y) =N(T(N(z),N(y))), for all z,y in L, is a t-conorm
on £ which is called the dual t-conorm of 7" with respect to the
negation N.

Intersection, union and complement

The generalized intersection N, union Ugs and complement cops of
interval-valued fuzzy sets are defined as follows: for all
A, B € Fpi(U) and for all u € U,

ANy B(u) =T(A(u),
AUgs B(u) = S(A(u)
cony A(u) = N(A(u)).




Arithmetic operators on £!
Addition and multiplication operator

An addition operator on L’ is a mapping @ : (LY)2 — L! which

satisfies the following properties:

@ @ is commutative,

@ @ is associative,

© o is increasing in both arguments,

Q 0,r®da=a,forall ae L,

Q [o,al® (8,0l =la+B,a+ Bl forall a, B in [0, +o0l,
A multiplication operator on Li is a mapping ® : (Ei)Q — L!
which satisfies the following properties:

O ® is commutative,

@ ® is associative,

© ® is increasing in both arguments,

Q 1, ®a=a, forall ac L,

9 [o,a]l® 8,0l =lap,ap], for all a, B in [0, +ool.




Sometimes we will assume that @ and ® satisfy the following
conditions:

@ la,al®b=[a+b,a+by, forallaeRand b e L,
@ [o,al ® b = [aby,aby], for all a € [0, +ool and b € L.

Division operator

Using any multiplication operator ®, a division operator @ can be
defined as follows, for all z’,y" in L% ,,

1£I @fBI = [:2,,::1,},

and
t'oy' =100z )@y,

and similarly for the subtraction.




Scalar cardinalities of interval-valued fuzzy sets

Let @ be an addition operator on L!. A mapping
card; :]—"gI(U) — L1 is called a scalar cardinality of
interval-valued fuzzy sets if the following conditions hold:

© coincidence: for all u € U,
card;(1p1/u) = 1,1,
@ monotonicity: for all a,b € L and u,v € U,
a<p b = cardj(a/u) <rcard;(b/v);
© additivity: for all A, B € FEI(U),

supp(A) Nsupp(B) =0
— card;(A U B) =card;(A4) & card;(B).




Representation theorem

A mapping cardy : FgI(U) — Zi is a scalar cardinality iff there
exists a mapping f7 : LY — L’ (called scalar cardinality pattern)
fulfilling the following conditions:
©Q fr(0pr) =01, fi(ler) =1gr,
Q fi(a) <;r fi(b) whenever a <;: b,
such that
card;(4) = P filAw),

u€supp(4)

for each A € ]-"g,(U).




Similarity measure of interval-valued fuzzy sets

A similarity measure of interval-valued fuzzy sets is a mapping

S: (]—"LI.’?,(U))2 — [0, 1] measuring the degree of similarity between
interval-valued fuzzy sets if it satisfies the following set of axioms
forall A, B, C in F5;(U) :

O S(A, B) =1 if (or alternatively iff) A = B,
Q@ S(A,C) <, inf(S(4,B),S(B,C))if ACBCC.

@ S(A,B) > S(A,C)if|[A(u)1 — B(u)1l < [A(u): — C(u)i
and |B(u)s — A(u)s| < |C(u)y — A(u)s| for all u € U.




For our purposes we introduce an extended modal operator D, for

each a = (a3, as,...,a,) € [0,1]™ as the mapping
Do : FL(U) = }"[Ig’l}(U) defined by, for all A € 5 (U),

Do Alur) = (A(w))ri+ar((Alur))2—(Alue))1), VEe€{1,2,...

The requirement (3a) can be rewritten as

d(A(u), B(u)) <;r d(A(u), C(u)), where d is defined as
d(z,y) = d(z1, 1), d (22, 92)] , for all 2,y in L!, with
d|(z1,y1) = |21 — w1, for all 2y, gy in [0, 1].

, .



A weak similarity measure of the first kind

A similarity measure of interval-valued fuzzy sets is a mapping
S: ]—'f,( U)? — L' if it satisfies the following set of axioms for all
A, B, Cin FL(U):

O S(A,B)=1,1if A= B and A, B are crisp or fuzzy sets,

@ (S(A,B))s=1if A= B and A, B are neither crisp sets nor
fuzzy sets,




A weak similarity measure of the second kind
QO S(A,B)=1,1if A= B and A, B are crisp or fuzzy sets,

Q@ (S(4,B))s=1if A= B and A, B are neither crisp sets nor
fuzzy sets,

@ S(A,B) =S(B, 4),
Q S(A,C) <prinf(S(A4,B),S(B,C)) if D3,1)AC DB
and D(l,l)B g D(O,O]C.

A strong similarity measure

O S(A,B)=1,1if A= B and A, B are crisp or fuzzy sets,

Q (S(A,B))y=1if A= B and A, B are neither crisp sets nor
fuzzy sets,

© S(4,B)=S5(B, A),

Q S(A,B) >11 S(A, C) if d(A(u), B(u)) < d(A(u), C(u))
forallu e U.




Ri(A, B) =inf(1,:1,card;(A Ny B)
@ sup(card;(A),card;(B))),
R3(A, B) =inf(1,:1,card;(A Ny B)
@ inf(card;(A), card;(B))),
Rs(A, B) =inf(1,:1,card;(A Ny B)
@ card; (A Ug B)),
Rg(A, B) =inf(1,1,sup(card;(A), card;(B))
@ card; (A Us B)),
Ri1(A, B) =inf(1,:,inf(card;(A), card;(B))
@ sup(card;(A),card;(B))),
Ri14(A, B) =inf(1,1,inf(card;(A), card;(B))
@ card; (A Ug B)),
Ris(A,B) = 1,1.



Set difference and symmetric difference

A \7"/\[ B =Anycon B and
AAT snB = (Angcoy B) Us (coy ANt B)

Ry(A, B) =inf(1,1,card;(coy (AAT s N B))
@ sup(card;(con (A \T N B)),
card(con (B \7n 4)))),

R4(A, B) =inf(1,1,card;(coy (AAT,s N B))

@ inf(card;(con (A \7 N B)),
card;(con (B \7n 4)))),

Re(A, B) = inf(1,r, card; coy (AAT sy B) @ n)

R7(A, B) =inf(1.:,sup(card; (A \7n B),
card;(B\7n A))@
@ card;(AAT s N B))



Ry(A, B) =inf(1,1, sup(card;(coN(A \7n B)),

cards(cony (B \7n 4)))) @

Rio(A, B) =inf(1.:,inf(card; (A \7 N B)
card;(B \tn 4))
@ sup(card; (A \7x B),card; (B \rx A)))

Ri5(A, B) =inf(1,:,inf(card;(con (A \7n B)),
card; (con (B \7, 4)))
@ sup(card(con (A \7 N B)),
card;(con (B \7n 4))))

Ry3(A, B) =inf(1,s,inf(card; (A \7n B),
card;(B \7n 4))
@ card;(AAT s nB))

Ri5(A, B) =inf(1.r,inf(card;(con (A \7 N B)),
card;(con (B \7n 4))) @ n).



o ®: (L)% — L' is continuous and satisfies 1-5 and 5*;
°o®: (Zi)z — Li is continuous and satisfies 1-5 and 5%*;
o @ is the division operator derived from ® and extended to LI
in such a way that
e 2@y € DI>® & (z,y) € (DF>)? forall z,yin LI,
0ozQy=1y & z=ye D forallz,yin L,
o 2@y ¥pr 1y, forall (z,y) € (LYT)2\ (D}*)? satisfying
z <y, and
@ 0,1 @0pr =1p1;
@ card; is a cardinality of interval-valued fuzzy sets;

Theorem

Let 7 be a t-norm on £!. Then the mapping R; :FEI(U) — L1,
for all 4, B in ng(U) given as follows:

Ri(A, B) =inf(1,:1,card;(A Ny B) @ sup(card;(A),card;(B))),

is a weak similarity measure of interval-valued fuzzy sets iff
fi(T(A(u), A(u))) = fi(A(u)) € D, for all w € U and
A€ ]:[5,1]([]) with A # 0.




Corollary 1

Let 7 be a t-norm on £!. Assume that the cardinality pattern f;
associated with card; satisfies

fi(a)=fi(b) e D & a=0be D, forall a,bin L. Then the
mapping R :]—"LF,(U) — LY, for all 4, B in ]—"LF,(U) given as
follows:

Ri(A, B) =inf(1,:1,card;(A Ny B) @ sup(card;(A),card;(B))),

is a weak similarity measure of interval-valued fuzzy sets iff
T|, = inf.

Corollary 2

Let 7 be a t-norm on £!. Assume that the cardinality pattern f;
associated with card; is strictly increasing. Then the mapping R;
is a weak similarity measure of interval-valued fuzzy sets iff

T|, = inf.




Corollary 3

Let 7 be a t-norm on £, continuous on D and 7 < inf on

D\ {0,1}. Then the mapping R; is a weak similarity measure of
interval-valued fuzzy sets iff f;(y) = fr(z) for all z and y in

Li, ={z|z in L' and z; > 0 and z, < 1}.

If we do not drop the property 2
(d'(card;(ANT A)) ® d'(card;(A)) ®
®[\/( (cardr(A))1(cards(4))2 \/ (cardr(A))1(cards(4))2 N <

card;(ANTA))1(card; (ANTA))2? (card;(ANTA))1(card;(ANTA))2
< 1, where the mapping
d’ L[ o — D" = { L 25 | 2 € [1,+o00[} is defined as follows:

NEWE
= [/ 2,/ 2] ,for aIIa:ELJr,O.




