Transformations in Data Processing
(Data Transformation and Modeling 1/2)

Csaba Torok

UPJS, Kosice, Slovakia
csaba.torok@upjs.sk

Apr 15,2010

Csaba Torok Transformations in Data Processing (Data Transformation and Modeling



0 Introduction

e r-point transformation of functions

e IZA reprezentation of polynomials

0 Summary

Csaba Torék Transformations in Data Processing (Data Transformation and Modeling



Introduction

reference points

r-point transformation of functions
IZA reprezentation of polynomials
reparameterization

(parametric estimating)

Csaba Torok Transformations in Data Processing (Data Transformation and Modeling



Introduction

reference points: R = {(xo, ¥0), (X1,¥1), - .. (Xr—1, ¥r—1)}
r-point transformation of functions: Txf(x)

IZA reprezentation of polynomials: P(x) = I(x) + Z(x)A(x)
reparameterization: (ao, a@1,...,ar,...,8) =R+ (&, ..., ap)
(parametric estimating)
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r-point transformation of functions

Definition

The forward r-point transformation, r — 1 € Z*, of any continuous
function f(x) based on a set of r reference points
R ={[x,y], yi = f(x;), i=0,r—1} is given by

r—1
Trf(x) = Tof(x) = Ho(X)f(x) + > Hi(X)yi,
i=1
where
Xo—V )
Hi(x)= n , Vi=VW{vih,V={x,x1,....,%—1}, i=0,r—1,
veV, Vi—V

Xo# X1 # ... X—rand x £ x;, i=1,r—1.
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r-point transformation of functions

Explicitly:
Ho (%)
) = (0 —x)(xp —X2) - - - (X0 — X —1) 0+
(X =x)(x = xp) . (X = xr_4)
N (XO*X)(XO7X2)-~'(X0’Xr—1)l‘,1+4”+ (0 = X0 —x1) - (0 — X _2) et
(1 = X)X —x2) . (xg — Xr_q) 1 = X)r—1 = x1) - (X1 — Xr_2)
Hy(x) Hr—1(x)

The simplest case, r =2, {[X()7y()]7 [X1,y1]7 Yi= f(X,')7 i= 0, 1} :

Xo — X1 Xo— X
_ X —Xq X — Xo
T, ' Tof = LT f =
2 2 (X) Xo — X1 2 (X)+X17X0y17
X — Xq X — Xo

/ .
1(x) o x0T X x)!
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r-point transformation of functions

Properies of the transformation:
@ polynomial degree reduction
@ linearicity

Examples:
Tox* = X'+ (X0 — x1) (X — X0) (X* 4+ (X0 + x1) X + Xo° + X1 (X0 + X1))
Tax® = X%+ (% —x1) (% — x2) (X — %)
Tx® = x° 4 (Xo — X1) (Xo — Xe) (Xo — Xa) (X = X0) (X + Xo + X1 + Xz + X3)
ToPa(x) = Pa(x0) + (X0 — X1) (X — X0) Az,
TsPs(x) = Ps(x)+ (% — x1) (xo — X2) (X — x0) Az;3
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IZA reprezentation of polynomials

Theorem

Assume p > r > 2. Then any polynomial P,(x) can be expressed
based on its any different r points {[x;, yi|, ¥i = Pp(Xi), i =0,r — 1}

as
Po(X) = Ir—1(x) + Z:(X)Ap—r.r(X),
r—1
-l—1(x) = > Ni(x)y; is an incomplete interpolating polynomial,
i=0
|_|,'(X) = r]V‘ ))((’:z, V.= V\{V,‘}, V = {Xo,X1,. . .,Xr_1}, i=0,r—1.

S = (807'r, 817r ey Sp_nr)T, o= (a,, arq1 ..., ap)T, 81,, =1,r>0,
Sj,O = Xéa /Z Oa Sj,r = Sj,r—1 +Xr8j—1,ra /2 17 r> 1.
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IZA reprezentation of polynomials

IZA(p, r):

Po(x) = Ir—1(x) + Zi(X) Ap—r.r(X),
= h4(x)+Z(x)ST-a.

Si,=1,r>0,80=x), j>0,
Sj,r = 9, r—1 +XrSj—1,r7 /2 1, r>1.
So.1 =S50+ X1S1,1 = x& + x1(Xo + X1),

Sz = S31+ XS0 =(S30+X1S21) + X2(S2,1 + XS12) =
= X+ x10¢ +x1(x0 + x1)) + x(EZ + x1 (X0 + x1) + X(Xo + X1 + X)).
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IZA reprezentation of polynomials

IZA(p, r) examples:

(X = x1) Pa(x0) n (X = x0) Pa(x1)
Xo — X4 X1 — Xo

IZA(4,2) : Pa(x) = + (X —X0) (X — x1)

<32+33(X+X0+X1)+a4 <X2+(Xo +X1) X+ X% + xq (X0+X1)>)~
(X =X1) (X = x2) P3s(%0) | (X —X0) (X — X2) P3(x1)
(X0 — X1) (X0 — Xx2) (x1 = X0) (X1 — X2)
(X = X0) (x = x1) P3(x2)
(X2 — Xo0) (X2 — x1)

IZA(3,3): Ps(x) =

+(x = x0) (X — x1) (x — x2) &3.
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IZA reprezentation of polynomials

reparametrization - two types of parameters

p:6,r:2,x0#x1,a:(a2,a3 ..... ae)

- - -
G 0Pelo) | O 200P60) L G — e + (x 0 + ) +

Pol0 = Xg — Xq Xy — X
+(x2 + (xg + x9)x + on +x1(X0 +xq1))ag +

-¢-(x3 + (xg + xq )x2 + (x02 + x1(Xg + x1))x + x03 + Xq (x02 + x4 (v + X1)))as +
+(x4 +(x0 + x4 )X3 + (X02 +x1(x +xq ))X2 + (X03 +xq (x02 + x1 (X + x9))x + X04 + X (xoa + X (x02 + x4 (xg + x1))))as]
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Summary

Hidden relation

_— —

Observable states Modeling, equations

relation = states/interpolation + equation/approximation.

@ |ZA reprezentation - reparameterization.

@ |ZA reprezentation expresses the relation by explicit use of
several observed states as reference points.

@ |ZA reprezentation can potentially leverage the advantages and
avoid the drawbacks of interpolation and approximation.

@ |ZA reprezentation can express by appropriate localization of the
reference points the connection between neighboring relations
as smooth transition between two local approximants.
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