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Introduction

1) Introduction - Our Motivation

a .
7 Cross secfions for - p collision - CERN
: b
210,
o o
154 . .
. et o R am e 4
= e : o Fo e 0 B, Sy .
sa 5 o Gl W%ﬁm -
o am Lo S,
0o, a0 g
E a i
s N=2T7
® u‘bq’ o
F
5] :“*&wﬁw
T T T T T T 1
1 2 3 4 5 ] 7

Csaba T Data Modeling Il.



Introduction

Our Motivation

J.H. Friedman's Nonparameftric SuperSmoother
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Introduction

Key terms

@ parametric piecewise smoothing
¢ local and global models
@ reference points

o states

o |ZA reprezentation of polynomials
© reparameterization

< shared parameters
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Introduction

Key terms

@ parametric piecewise smoothing
¢ local and global models

@ reference points: R = {(xo0, ¥o0), (X1, Y1), --- (Xr—1, ¥r—1)}
o states: Yo, Vi, -3 Yr—1
o |ZA reprezentation of polynomials: P(x) = I(x) + Z(x)A(x)
o reparameterization: (ao, @1,...,ar,...,a) = R+ (ar,...,ap)
o shared parameters - within two segments
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Introduction

Key terms

@ parametric piecewise smoothing
@ reference points

Elp=4r=2; tau=1; fr=2; xMin = 1; xMax = 85.00001

[ Pots
[] Histogram
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IZA reprezentation of polynomials

2) |ZA reprezentation of polynomials: P = | + ZA

Theorem

Assume p > r > 2. Then any polynomial Py(x) can be expressed
based on its any different r points {[x;, yi|, ¥i = Pp(Xi), i =0,r — 1}
as

Po(X) = Ir—1(X) + Z:(X)Ap—r,r(X);

r—1
-l—1(x) = Z Mi(x)y; is an incomplete interpolating polynomial, //

Mi(x) = |‘| )’(( . Vi=VW{vil, V={xo,xs,...., %1}, i=0,r—1,

-Z(x) = ” (X =xi), - Aprr(x)= s".a
S (SO r, S1 oy Spfr’r)T, o = (ar, ar+1 ceey ap)T7 SO,I' — 1, r 2 0,
So=x,j>0, S,=8,1+XS_1, j>1,r>1.




IZA reprezentation of polynomials

|ZA and reparameterization

Reparameterization in

Pa(x) = ag + agx + a2x2 + a3x3 + a4x4
1ZA(4, 2):
X — V1 X — Vo
Pa(x) = Pa(vp) + Py(vy) +
o= o=V
+ (o) (x— ) lap + (x g+ vy)ag + (4 (g + ) X+ v vy (g +v)) Al
1ZA(4, 4):

(x=vi) (x = w) (x — v3) (x=v) (x = ) (x—v3)

Py(x) = Py(vp) Pa(vq)

“l (o - ) (g —w) (v —g) ° ’ (h —vo) (i — ) (v —vg) "
(x—v) x—v) (x—v3) (x—vp) (x =) (x = wvp)

(v2) P4(v3)

(o) (a—v) (g —vg) 2 " (3 —v9) (g —v) (g —va) > "

o x=) (k=) (x =) (x—v3)a
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IZA reprezentation of polynomials

|ZA reprezentation and S; ;:

Po(x) = l—1(x)+ Z(x) Ap—r.r(X),
= L4(X)+Z(x)S" - a,
Sor=1,r>0,80=x), j>0,
Sj,r = Sj,r—1 +erj—1,ra /2 17 r>1.

Si1=S810+x1S01 =X + X1,
Si2=S511+XxS02 = X0+ X1 + Xe,
8271 = 32’0 + X4 8171 = Xg + X4 (Xo + X1),

Szo0 = S31+ XS0 =(S30+X1S21) + X2(S2,1 + XS12) =
= 5 +x06 +x1 (X0 + x1)) + X(OG + x1 (X0 + X1) + X(X0 + X1 + X)),

Xo = X.
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IZA reprezentation of polynomials

IZA and the states

Hidden relation

Observable states Modeling, equations

relation = states/interpolation + equation/approximation.

@ |ZA reprezentation - reparameterization.

@ |ZA reprezentation expresses the relation by explicit use of
several observed states as reference points.

@ |ZA reprezentation can potentially leverage the advantages and
avoid the drawbacks of interpolation and approximation.

@ |ZA reprezentation can express by appropriate localization of
the reference points the connection between neighboring
relations as smooth transition between two local approximants.
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Two-part model

3) Two-part model - Problem statement

Over the intervals [—1, 0] and [0, 1] consider two polynomials
Pa(x) and Pp(x)

where a = (ay, a1, ...,8p)", b= (bo, b1,...,bg)" and
the degrees p, g are finiteand p, g > r > 2.

To guarantee a smooth transition between the polynomials we require
quasi spline conditions

Pa(o) = Pb‘(o)’ (1)

PP(0) = PYO)+o(r), j=T7-T,
i.e. |P§j)(0) - Pg)(0)| < ¢jT, where 7 is a small positive real number
and PY) denotes the j-th derivative of P.
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Two-part model

For each M and N given observations from [-1, 0] and [0, 1]

N i .
{[Xi,m, Viml, Xim = —p Yim = Pa(Xim) +€im, =1, M},

(BTl X0 = 50 Tin = Polgn) + i, = T,N,

M,N>1 M=kN, 0 <k < 0,
€*, e - uncorrelated.

Our aim is to find approximants for the polynomials with the foregoing
smooth conditions.

It must be underline that we will solve the question of smoothness of
the two polynomials in their common point differently from splines

thanks to reference points.
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Two-part model

Two-part model

We consider a two-part sequential model

Yim = Pa(=i/M)+efy,

- , . > 2
in = lrG/N)+WIGIN)- B+ <, TN @

<

- Iz (x) an incomplete interpolation

R=Ro={[X,Y], ¥i="Po(x), i#xfori#j, i,j=0,r—11}.
- w,(-) the vector of the basis functions
- B=(br,bri1,...,bg)T.
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Two-part model

Matrix form

Two-part model:
Schema R-I

R=Ra={[X, Pa(x)]: x;=—j7, j=0,r—11},

?*

Y

X*a+ ex,
Iz, + W5 +e.

Estimaion - computation:

_ aM — (X*Tx*)—1X*TY*’

_7}5:{[)9’ Pﬁ()(])]~ X/':7j7_7 j:Oar_1 }7
- By=(WTW)TTWT(Y — Iz, ).
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Piecewise approximation

4) Piecewise approximation - Model schemas

Thanks to IZA

@ global piecewise smoothing
< two-part scheme

- sequential computation
- simultaneously - shared parameters

o three-part scheme
- parallel computation
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Piecewise approximation

Model schemas

R-1-R-I-R-...-R-1-R

R-1-R-1-R-...-R-1-R-1

I-R-I-R-...-R-I-R u ¥—T K w utt U

R-1-R, 1 x 4 reference points.
( 3D data - chess board )
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Piecewise approximation

Shared parameters - simultaneous computation

Two-part scheme with shared parameters
Ve = L)+ Wy )a+s,  i=LM,
Voy = La(@) vl )f s i=LN,
where R = {[v.,P], v,=u, —it, b= P(v,), i=0l}, @=(a,.a;)", B=(b,,b,)" . Parameters

P.R ad a p

| ¥ =X, (aya, R, E,bz,b3)7,|

are estimated by LS from

where T, :[Y J
Y

fl(xl,M) JACN) fa(xu{) Fi(xa) 0
_ SiGon) foi(xya) fi(aa)  FiCrn) 0 0
‘ 0 0 Al filny) Al filnw)
0 0 fs(x,\;_,v ) [ (x,v_,v) f (x,v_,v) fs (x,v_,\; )

(x=vy)

[ = @ =(x—v)(x ), PSS PN _
S0 = £(0) = (x=v)(x =) +¥, ). (=) (5 =)
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Piecewise approximation

Knot detection

The sum of squared residuals y; — ¥;
SSE = (P—P)(P-P)
The estimate of that variance
5 _ (P P)T(P— P)
n—k

Penalization function

(P-7)’ (ﬁ;_ﬁz (ko)

For choosing the maximal (right) interval for P3(x):

SSE; > SSE, - if estimating Ps(x)

Akaz < Akay - at the beginning

Akasz > Akas = stop and the previous interval is choosen.
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Piecewise approximation

- Manual knot detection/selection
- Sequential computation - two-part schema
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Piecewise approximation

- Automatic knot detection
- Simultaneous computation
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Properties of two-part model

5) Properties of two-part model - (matrix form)

Two-part model:
Schema R-I

R=Ra={[x, Pa(x)]: ;= —jr, j=0,r—1},
?*

Y

X*a+ ex,
Iz, + W5 +e.

Assumption 1: B
_ aM — (X*Tx*)—1X*TY*’
_Eﬁ:{[&apﬁ(xj)] X/':7j7_7j:0ar_1}7

- Bn=(WTW)~TWT(Y — I, ).
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Properties of two-part model

Properties - parameter Sy

Lemma

Under the assumption 1
a) By is unbiased

E By =B,
b) LetO = O/X(p+1) = WTJ. Then

coviy = 2(W'W)'o(X* "X )~ toT (WTw)~" +
+ oA(WTw)~ 1,

¢) By is consistent,

v 58 as N—o .

The elements of W'W , W'J and X*7X* have order N, i.e.
W'W = {0 ;(N)}. — . —
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Properties of two-part model

Properties - parameter Sy

Notation 1. Let for N —

XTX W W
N TN TN

— V.

Asymptotic normality:

Under assumption 1 and notation 1

2
(W(BN—B)) 2 Ao, %V“cU‘1 c'V o2V

when N — co.
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Properties of two-part model

N N

Properties - approximant Y = Yy

Y = 1+W3=

Lemma

a) Y is unbiased i
EY =Y,
.

b) Let T be the identical matrix and H = Hy, y = W(W W)~ 1W" .
Then ) -
cov¥ = o3(Z —H)J(X X*) I7(Z — H) + o2H.

c) The mean of the residual sum-of-squares is

E(Y-0)"(Y=¥) = 02 tr (T - HXTX) " 97) 40*(N-g-+r—1).




Summary and conclusions

Summary and conclusions

Parametric Piecewise Smoothing
@ local and global models

@ reference points

o |ZA reprezentation of polynomials
© reparameterization

@ knot detection
@ principles
o states
o shared parameters

@ numerical impact - system of equations with fewer parameters
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Summary and conclusions

Many thanks
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